Abstract-The misalignment and displacement of inductively coupled coils in a wireless power transfer system (WPT) can degrade the power efficiency and limit the amount of power that can be transferred. Coil misalignment leads the primary coil driver to operate in an untuned state which causes nonoptimum switching operation and results in an increase in switching losses. This paper presents a novel method to electronically tune a Class-E inverter used as a primary coil driver in an inductive WPT system to minimize the detrimental effects of misalignment between the inductively coupled coils which may occur during operation. The tuning method uses current-controlled inductors (saturable reactors) and a variable switching frequency to achieve optimum switching conditions regardless of the misalignment. Mathematical analysis is performed on a Class-E inverter based on an improved model of a resonant inductive link. Experimental results are presented to confirm the analysis approach and the suitability of the proposed tuning method.
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I. INTRODUCTION R ESEARCH in wireless power transfer (WPT) technologies based on magnetic induction is gaining momentum recently due to the increasing reliance on battery-powered applications ranging from electric vehicles to mobile devices and medical implants [1] - [6] . However, the issues of coil misalignment and displacement, highlighted in wireless charging of electric vehicles, appear to be not adequately addressed. Improper parking of the vehicle will result in the wireless charging platform operating at a degraded performance of lower efficiency, reduced power transfer, and longer charging time. A possible solution is to include additional coils either in the transmitter or in the vehicle so that the effect of misalignment is reduced over a certain range [2] , [7] - [9] . The main disadvantages of this solution are larger required surface area, higher cost, and weight of the overall system. An alternative solution that addresses these shortcomings is to retune the transmitter in order to operate at optimum switching conditions when the coils are in a misaligned state [5] , [10] - [15] . This paper further explores and investigates the viability and practicality of the tuning solution presented in [10] and [11] by using saturable reactors to tune a Class-E dc/ac inverter designed to drive an inductive link at 800 kHz. This paper is organized as follows. Section II derives analytical expressions of the reflected impedances of a resonant inductive link while considering the equivalent series resistance (ESR) of the resonant elements. Section III analyzes the Class-E inverter including the reflected impedances of the inductive link. A numerical solution is presented to calculate the values of the Class-E inverter's parameters to be controlled as the coupling coefficient of the inductive link varies. Section IV discusses the use of saturable reactors as tuning elements and the key design aspects. Section V describes an implemented WPT system, and the principle of operation of the electronic tuning method is discussed and extensive results based on experimental measurements are presented. Finally, Section VI includes the conclusion and future work. Fig. 1(a) shows a typical inductively coupled circuit, which consists of a primary coil represented by inductance L P and its ESR r P , and a secondary coil represented by an inductance L S and its ESR r S . The ESR of the primary and the secondary coils includes the ohmic resistance, the skin effect, and the proximity effect. A capacitor C S is connected in parallel with the secondary coil to allow for resonant operation. Resistance r C represents the ESR of the capacitor which includes its dielectric losses. The load represented by a resistance R L is connected in parallel with the secondary coil. Inductance M represents the mutual inductance between the primary and secondary coils and is equal to
II. INDUCTIVE LINK MODEL
where k is the coupling coefficient between the primary and secondary coils. The reflected impedance of the secondary coil seen by a voltage source connected to the primary coil is
where X L P , X L S , X M , and X C are the reactances of the primary coil, the secondary coil, the mutual inductance, and the parallel capacitor, respectively, and
The reflected impedance of the secondary coil circuitry can be written in the form
where R Ref is the real part of the reflected impedance corresponding to the load and is equal to
Resistance r Ref is the real part of the reflected impedance corresponding to the ESR of the coil and the capacitor and is equal to
Reactance X Ref is the imaginary part of the reflected impedance which corresponds to the coil, the parallel capacitor, and load resistance and is equal to
and x Ref is the imaginary part of the reflected impedance corresponding to the ESR of the coil and the capacitor and is equal to
Equations (6)- (9) can be represented by the equivalent circuit shown in Fig. 1(b) . The equivalent circuit of the inductive link is used in the analysis of the primary coil driver in the following section.
III. CLASS-E INVERTER WITH FINITE DC-FEED INDUCTANCE

A. Analysis
A dc/ac inverter is required to drive the primary coil of the inductive link with a high-frequency current. Different topologies and classes are available that can meet the requirements of inductive links. The Class-E inverter, invented by the Sokals in 1975 [16] , is a certain class of amplifiers that has been widely used recently as the primary coil driver in resonant inductive links due to its simplicity, high efficiency, and high power delivering capability [5] , [17] - [24] . Detailed description and analysis of Class-E inverters or amplifiers are well documented in the literature for a fixed load resistance [25] - [32] . The analysis of the Class-E inverter presented in this paper takes into consideration the reflected impedance of the inductive link. The circuit diagram of a Class-E inverter including the reflected impedances of the coupled coils is shown in Fig. 2 . Inductance L f is referred to as the finite dc-feed inductance and capacitance C 1 is a shunt capacitor connected across MOSFET Q. The output load network consists of the primary coil inductance L P and its ESR, the reflected impedances of the secondary coil at a certain coupling coefficient, and a residual impedance X b . Capacitance C, the primary coil inductance, and the imaginary components of the reflected impedance are tuned to the switching frequency. In general, the residual impedance may or may not be a physical component. It is assumed in this paper that the residual impedance and capacitance C form a physical capacitor and is referred to as C 2 .
Tuning will be achieved by varying the value of the dc-feed inductance and the switching frequency as the coupling coefficient between the coils varies. Therefore, the main aim of the analysis is to derive a relationship between the reflected impedances and the values of the dc-feed inductance and the switching frequency required to achieve the optimal switching conditions of the Class-E inverter. The analysis is based on the following assumptions:
1) The MOSFET is an ideal switch whose ON resistance is zero, and its turn ON and OFF times are zero. 2) The loaded quality factor of the series load network is sufficiently high enough such that the current flowing through it (i o ) is sinusoidal and is equal to
3) The duty cycle of the MOSFET gate drive signal is 50%. Applying KCL and KVL at the MOSFET's drain node results in the following two equations:
For the period 0 ≤ ωt < π, the MOSFET is ON; therefore
The dc-feed inductor's current is
The MOSFET's drain current is given by
(17) Since the MOSFET's drain current is zero before it is switched ON, i.e.,
For the period π ≤ ωt < 2π, the MOSFET is switched OFF; therefore
The voltage across the dc-feed inductance is
The current through the shunt capacitor can be determined by differentiating (22) 
Equation (25) is a linear nonhomogeneous second-order differential equation which has the following general solution:
and the coefficients A and B are determined from the continuity conditions of the dc-feed inductor's current and the shunt capacitor's voltage during the transition from the on-state to the off-state, i.e.,
and
Normalizing the initial conditions with respect to i m gives
where
Consequently, the coefficients A and B can be solved for and are equal to
Using (22) and (32) , the normalized voltage across the MOSFET with respect to the input voltage is equal to
For the specific case when q = 1, which occurs when the circuit of the dc-feed inductance L f and the shunt capacitor C 1 is tuned to the switching frequency, the dc-feed inductor's current can be derived by substituting q = 1 in (26) and resolving the differential equation with the initial conditions defined in (30) and (31) . The dc supply current is found by averaging the dcfeed inductor's current over the period 0 to 2π which is also equal to average of the MOSFET's current
In an ideal Class-E inverter, there are no losses in the circuit; therefore, all the power supplied by the power source is consumed in the reflected resistances (R Ref of the primary coil r P P in = P out
Rearranging the above equation and using (38) gives
The normalized dc-feed inductor and the shunt capacitor with respect to the resistance R T can be derived using (27) , (32) , and (41) and are given by
Substituting the zero-voltage switching (ZVS) and the zerovoltage derivative switching (ZVDS) conditions (i.e., v D S = 0 and dv D S /dωt = 0 at ωt = 2π) in (36) results in the following two equations:
Equations (44) and (45) can be solved numerically as a function of q. Fig. 3 shows the solved values of p and φ. The value of the residual impedance is equal to
where v m and v xm are the first two quadrature Fourier components and are equal to
Therefore, the normalized residual impedance is
and the value of the capacitance C is
Therefore, the value of C 2 is
B. Tuning and Optimization
From (42), (43), and (49)-(51), the passive elements of the Class-E inverter L f , C 1 , C 2 , and X b are set for a specific reflected impedance at a certain switching frequency. The reflected impedance itself varies according to the distance, or the coupling coefficient, between the primary and secondary coils of the inductive link and the switching frequency. Any variations in the coupling coefficient will change the reflected impedance and alter the operation of the Class-E inverter from its optimal switching conditions. Therefore, it is necessary to recalculate the values of the passive elements that will allow the Class-E inverter to operate at optimum switching conditions as the coupling coefficient changes. The aim of this section is to find the values of the switching frequency and the dc-feed inductance as the coupling coefficient varies while keeping the values of C 1 and C 2 fixed. To achieve this, we begin by substituting (42) in (43) which produces the following equation:
The residual impedance X b can be represented as the difference between the impedance of the primary coil, the imaginary components of the reflected impedances, and the impedance of the series capacitors as follows:
Substituting (55) into (51) results in the following equation:
The optimum values of the switching frequency and the coupling coefficient can be found by finding the common roots for (52) and (54) for specific values of q, p, and φ. The optimum value of the dc-feed inductance can then be calculated by substituting the optimum values of the switching frequency and the coupling coefficient in (27) . Fig. 4 shows a flowchart of the solution method to calculate the optimum values. The application of this solution method is demonstrated in a Class-E inverter used as the primary coil driver in a WPT system. The complete specifications of the WPT system are shown in Table I . The coupling coefficient varies from a minimum of 0.15 when the primary and secondary coils are misaligned to a maximum of 0.4 when the coils are aligned. Fig. 5 shows the solutions for the switching frequency and the dc-feed inductance against the coupling coefficient. The solution method was programmed in MATLAB using Chebfun [33] , [34] . The presented solution method is an iterative process that provides an exact solution. Other simpler design equations represented by second-order and third-order polynomial approximations [35] can be used but they may not be as accurate. (54) and (56) for the WPT system specified in Table I . (a) Switching frequency. (b) DC-feed inductance. Fig. 6 . MPP 550 data and proposed fit [38] .
IV. SATURABLE REACTOR AS DC-FEED INDUCTANCE
A. Magnetic Cores
As discussed in the previous section, tuning of the Class-E inverter will be achieved by varying the dc-feed inductance and the switching frequency. In order to implement this tuning method during operation, the dc-feed inductance should be controlled by a voltage or current signal instead of performing mechanical adjustments. This can be achieved by using saturable reactors or magnetic amplifiers. The saturable reactor consists of a transformer wound on a magnetic core; the inductance of the primary windings can be altered by injecting dc magnetic flux into the core by means of a dc current applied to the secondary (control) windings. Detailed description on saturable reactors and their applications can be found in [36] and [37] .
The magnetic core used in this paper is the 50202A MPP toroidal core from Magentics Inc. The core has an initial permeability of 550, an effective cross-sectional area of 22.1 mm 2 , and an effective length of 50.9 mm. Fig. 6 shows a plot of the dc bias performance of the MPP core used, which is obtained from the core manufacturer's datasheet [38] . The vertical axis represents the inductance factor in nanohenries per turn 2 , and the horizontal axis represents the magnetoforce in ampere turns. The following equation is proposed to provide an accurate fit for the data
where A L is the inductance factor, N is the number of turns, and I is the dc current in the turns.
In general, the permeability of magnetic cores is not constant. It varies with frequency, the density of the magnetic flux, and temperature. According to the manufacturer's specifications for the MPP core used [39] , the permeability decreases to about 50% of its initial value at frequencies approaching 1 MHz. Conversely, the permeability increases to a peak of about 120% for ac flux density values of 0.1 T. The relative permeability is 550 when the core's temperature is 20
• C and increases by approximately 0.1% per degree Celsius. Since inductance is directly proportional to the permeability, the inductance of the primary windings can be multiplied by a factor representing the increase or decrease of the core's permeability. Therefore, by using (55), the overall dc-feed inductance, which consists of two identical series connected saturable reactors, as a function of the current in the control windings can be written as
where r is the reduction factor of the core's permeability, N p is the number of turns of the primary windings, N c is the number of turns in the control windings, and I c is the dc controlling current. Equation (56) is used to provide an approximate value of the control current that is required to adjust the dc-feed inductance to retune the Class-E inverter.
V. EXPERIMENTAL RESULTS
A. System Specifications and Implementation
A WPT system consisting of a Class-E inverter and two magnetically coupled coils was built to verify the analysis described in the previous section, as well as to demonstrate the viability of the proposed tuning method to achieve optimized operation of the Class-E inverter. The implemented circuit of the Class-E inverter with the saturable reactors is shown in Fig. 7 . The primary coil of the inductive link consists of two layers each having four turns of 18 AWG magnetic wire and a diameter of 16 cm. The secondary coil consists of a single layer of four turns of 20 AWG magnetic wire with a diameter of 14 cm. The dcfeed inductance consists of two saturable reactors connected in series as discussed in the previous section. The control windings are connected to a variable dc current source through an RFC choke. Based on initial measurements and experimental results, the reduction factor of the permeability of the saturable reactors' cores is assumed to be 65% at an operating temperature of 65
• C. The specifications and values of the inductive link, Class-E inverter, and the saturable reactors are summarized in Table I . Fig. 8 shows the complete WPT system under test.
The primary and secondary coils of the inductive link are separated at a fixed distance of 2.5 cm. The secondary coil is radially displaced from the primary coil causing the mutual inductance and the coupling coefficient to change, which leads to the reflected impedances to vary and therefore causing the Class-E inverter to operate under a nonoptimized switching condition. The dc current of the transformers and switching frequency are then altered to retune the Class-E inverter.
B. Electronic Tuning
Depending on the coupling coefficient of the coupled coils, the amount of the dc current injected into the secondary side of the transformers, along with the switching frequency, are varied to retune the Class-E inverter into operating at optimum switching conditions as the coils are radially displaced. Based on the solutions presented in Fig. 5 , the switching frequency and the dc-feed inductance ranges chosen to be verified are 790 kHz to 820 kHz and 3.5 μH to 1 μH, respectively. These chosen ranges allow the Class-E inverter to operate near the resonant frequency of the inductive link which is 800 kHz. Fig. 9 shows the calculated dc-feed inductance and the switching frequencies as the coupling coefficient of the coil varies. The experimental results are in good agreement with the numerical solutions. Fig. 9(c) shows the measured power received at the load which is connected to the secondary coil of the inductive link, as well as the overall system efficiency which considers the inductive link losses, the Class-E inverter losses, the MOSFET gate driver losses, the saturable reactors' core losses, and the ohmic losses in the secondary windings of the saturable reactors. The received power is kept at a relatively constant level of 10 W throughout the displacement range with a peak occurring at a coupling coefficient of 0.3. The overall efficiency is reduced when the coupled coils are closely aligned at higher coupling coefficients and is maintained at a constant level as the coils are further displaced at lower coupling coefficients. Therefore, for the chosen values of the inductive link and the Class-E inverter, the proposed tuning method is suited for reduced coupling coefficients and at large radial displacements of the coupled coils. Fig. 10 shows the experimental waveforms of the MOSFET's drain voltage, the voltage of the load at the secondary coil, the voltage across one saturable reactor's control windings, and the current of the saturable reactor's primary windings. In Fig. 10(a) , the inverter is operating at optimum switching conditions when the primary coils are aligned with each other. The coupling coefficient is 0.34, the dc control current is 0.9 A, and the switching frequency is 818 kHz. In Fig. 10(b) , the coils are radially displaced from each other by a distance of 2.5 cm corresponding to a coupling coefficient of 0.24, while maintaining the same dc control current and switching frequency. Since the coupling coefficient and the reflected impedances have now changed, the MOSFET switches ON at a nonzero voltage and therefore the inverter no longer operates at optimum switching conditions. In Fig. 10 , the inverter is retuned and is now operating at optimum switching conditions by decreasing the dc control current to 0.05 A and the switching frequency to 795 kHz. Therefore, the proposed tuning method of controlling the dc-feed inductance and the switching frequency has been successfully verified. The new method allows the Class-E inverter to operate safely and efficiently over a certain coil misalignment range.
VI. CONCLUSION AND FUTURE WORK
A novel method has been presented to tune the Class-E inverters that are used as the primary coil driver in WPT systems based on resonant inductive coupling. By varying the inductance of the dc-feed inductor via a dc current source and the switching frequency, the Class-E inverter can operate under an optimized switching condition achieving ZVS and ZVDS as the coupled coils of the inductive link are radially displaced. Mathematical analysis has been performed to derive the voltage and current relationships of the Class-E inverter based on a more accurate circuit representation of the inductive link. A numerical solution method is used to calculate the required dc-feed inductance and the switching frequency for tuning. The obtained experimental results are in good agreement with the numerical solutions and confirm the successful operation of the tuning method. It is also noted that the proposed tuning method can be efficiently implemented electronically and may be applied to other WPT applications such as inductive charging for electric vehicles and mobile devices where displacements and coils misalignments are likely to occur.
Future work may include further investigation into other possible tuning methods such as adjusting the duty cycle of the MOSFET gate driving signal while maintaining the switching frequency at a constant value.
